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Abstract

We analyze the effects of geometrical restriction on the nuclear magnetization of spins diffusing in grossly inhomogeneous fields
where radio-frequency (RF) pulses are weak relative to the total field inhomogeneity, making the rotation angle space-dependent
and thus exciting multiple coherence pathways. We show how to separate the effects of restricted diffusion from the effects of the
pulses in the case when the change in the field experienced by a diffusing spin in the course of the experiment is small compared to the
RF magnitude. We then derive explicit formulas for the contribution of individual coherence pathways to the total magnetization in
arbitrary pulse sequences. We find that, for long diffusion times, restriction can dramatically alter the spectrum and the shape of a
particular echo, while for short times, the correction will be proportional to the pore space surface-to-volume ratio. We demonstrate
these results on the example of the early echoes of the Carr—Purcell-Meiboom-Gill (CPMG) pulse sequence.
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1. Introduction

Diffusion in restricted geometries and inhomoge-
neous magnetic fields in nuclear magnetic resonance
(NMR) experiments has been extensively studied [1-11].
Most of the available literature treats the case when the
field inhomogeneity is weak relative to the strength of
the radio-frequency (RF) fields so that the excitation
bandwidth is large and all the pulses can be assumed to
be on resonance. In many systems of interest, however,
the fields are grossly inhomogeneous and off-resonance
effects become important. This is the case, for instance,
for the “inside-out” NMR of well-logging [12] and
materials testing [13] or for the stray-field NMR [14].
The Carr-Purcell-Meiboom-Gill (CPMG) and the
steady-state free precession sequences in such systems
were examined in some detail [15-18]. The rotation an-
gle due to a given pulse varies with position, and thus
every pulse generates multiple “‘coherence pathways,”
each of which contains the history of some fraction of
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the magnetization over the entire pulse sequence. The
idea of expressing the total magnetization as a sum over
the contributing coherence pathways was due to Kaiser
et al. [19] who noted its usefulness for discussing the
effects of pulses with arbitrary rotation angles. Follow-
ing their approach, Hiirlimann introduced a concise
formalism for analyzing echo amplitudes and shapes for
free diffusion in the presence of off-resonance pulses [16].
He found that the amount of diffusional attenuation will
be different for different pathways and showed how that
leads to enhanced diffusion sensitivity of the total
magnetization in the CPMG. The aim of the present
paper is to understand how geometrical restriction to
the motion of the spins will affect the evolution of the
magnetization in a system with strong off-resonance.
The effects of restriction can be very pronounced.
Each coherence pathway includes spins at different local
Larmor frequencies which will be differently affected by
a given RF pulse. Consequently, each coherence path-
way will carry a signature spectrum given by the product
of the appropriate rotation matrix elements, each de-
pendent on the Larmor frequency, for the pulse se-
quence at hand (see Section 2). Although the spectrum
itself is unaffected by diffusion, its weight in the total
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magnetization will be, with the dependence stronger for
certain pathways than for others. Different sensitivity to
diffusion implies different sensitivity to restriction. The
spectrum of the total magnetization, then, and thus the
shapes of the echoes formed, will be changed from those
observed for unbounded diffusion. As we demonstrate in
Section 4, this phenomenon can be quite dramatic in the
long-time regime, when the spins have had ample time to
sample the extent of the confinement. Since in principle
every point in the spectrum contains all the information
of the on-resonance measurement, a thorough under-
standing of the effect of restricted motion on the total
spectrum could potentially allow a significant improve-
ment in the efficiency of data acquisition [18].

Our analysis will build on a recent paper [20], where
we used the Gaussian phase approximation (GPA) to
formulate a general framework for computing the effects
of restriction on an arbitrary coherence pathway for the
case of on-resonance RF pulses. Here we show how the
prior results can be generalized to off-resonance condi-
tions, provided that the inhomogeneity of the field AB
sampled by a diffusing spin in the duration ¢ of the entire
experiment is small relative to the RF field strength. This
is precisely the case of interest in all the applications
referred to above. We will call this condition the small-
displacement approximation, since in most systems AB
will scale with the average distance traversed by the
spins. For diffusion in unbounded space or in a con-
nected porous medium, for example, in a uniform gra-
dient g, AB ~ g\/Dgt, where D, is the diffusion
coefficient of the bulk liquid. While in a suspension of oil
droplets of small diameter d, AB < gd would remain
bounded for all times, since the spin displacement would
saturate at the droplet diameter. We show that in the
small-displacement approximation, the effect of RF
pulses will separate from the diffusional attenuation,
which then can be computed independently, including
any effects of restricted motion.

Our formalism is applicable to arbitrary pulse se-
quences. As an illustration, we will use it to analyze the
first few CPMG echoes and show how the presence of
restriction, by differentially affecting the diffusional at-
tenuation rates of different coherence pathways, changes
the total spectrum of the echo, i.e., the total contribution
to the echo of spins at different Larmor frequencies.

2. Theoretical development

We follow the notation and the basic setup of [20]. To
a system of spins polarized in the z-direction, diffusing in
a restricted geometry in an inhomogeneous magnetic
field with z-component B(x,¢), we apply an arbitrary
train of N RF pulses at times ¢, 1, ..., ty. The spacings
between the pulses are given by 7, = ;41 — #, and we let
Ty be the time measured from the Nth pulse. Total

running time of the experiment from the first pulse is
then ¢= Zgzl 7. The RF field is given by
—2B; cos(wrrt + @) X, where ¢ is the phase of the pulse,
and is assumed to be uniform in space. We let w be the
offset of the local Larmor frequency from the RF fre-
quency, ® = —yB — wrF, and let w; = yB; measure the
amplitude of the RF field. We then make the usual
definitions:

my = my + im,,

m_ = m, — im,, (1)

my = m;,

where m,, m,, and m, are the x, y, and z components of
the magnetization. A general RF pulse acts as a rotation
mixing all the magnetization components, m, =
>y Aggmy, with ¢,¢' = —1,0,+1. Here 4, denote the
rotation matrix elements that determine the fraction of
the magnetization transferred from the ¢’ to the g
component. Explicit expressions for the A, , were given
in [16], and we repeat them in Appendix A for the ease
of reference. Here we only emphasize that under off-
resonance conditions, i.e. when w; cannot be assumed
infinite, the 4,, will depend on w and thus on spatial
location.

The evolution of the magnetization can be naturally
analyzed in terms of “‘coherence pathways” m,, where
q=1{90,91,92,---,9v}. Here g, labels the particular
magnetization component after the kth pulse, with
qo = 0. We expound on the coherence pathway for-
malism in considerable detail in [20], while for un-
bounded diffusion, it is discussed in [16]. In essence, it
allows the decomposition of the transverse magnetiza-
tion after NV pulses into a sum over all the relevant co-
herence pathways with the last component gy = +1

m(x, 1) =Y my(x,1). (2)

Eq. (2) sums only over the coherence pathways starting
at the initial pulse. In general, if T}-relaxation effects are
significant, a fraction of the magnetization will relax
between the pulses into the longitudinal direction and
will form additional coherence pathway ‘“‘trees” starting
at each pulse. This effect can be easily incorporated into
Eq. (2) (see [20]), and we leave it out here for the sake of
simplicity.

Between the pulses, the spins in a given coherence
pathway feel an effective field ¢(¢)B(x, ¢), where ¢(¢) = g
for t € (t,#+1). Their dynamics are governed by a
generalization of the Torrey—Bloch equation

aﬁtmq _ {Dov2 —iyq()B(x, 1) — (%(;)Q—qu(t)) }mq,
(3)

with the partially absorbing boundary condition at the
interface Don - Vimg 4 pmq = 0. Here Dy is the bulk
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diffusion coefficient of the liquid, p is the surface re-
laxivity, i is the unit normal vector at the pore sur-
face, and 7| and 7, are the longitudinal and transverse
bulk relaxation times. For simplicity, we will set p =0
throughout and so assume reflecting boundaries. We
will also suppress the 7} and 7, relaxation effects since
they can be trivially added at the end [16]. Each pulse
will introduce additional inhomogeneity into the re-
sulting magnetization via the spatially inhomogeneous
A, o, thus modifying the initial condition for the
subsequent evolution governed by Eq. (3). In general,
this would make the problem of a multiple-pulse se-
quence quite intractable. A simplifying approximation
can be made, however, for the case of sufficiently
small spin displacements.

2.1. Small-displacement approximation

We will call a displacement small if the corresponding
change in the spin’s magnetic environment is much
smaller than the magnitude of the RF field. The small-
displacement approximation will obtain when the aver-
age displacement of the diffusing spins is small
throughout the course of the measurement. Under such
conditions, we can to first order separate out the effects
of the pulses and diffusion for each coherence pathway.
This result, which we prove in Appendix B, hinges on
the fact that, for a given flip angle, the effect of the
pulses depends on the ratio of the offset frequency to the
RF amplitude w/w,. Thus, if a spin diffuses from some
initial w; to w; + dw such that dw/w; < 1, the pulses it
will feel throughout will not be much different from
those at the initial offset frequency w;. For a uniform-
gradient inhomogeneity, for example, B(x) = g - x, this
condition requires that the width of the slice excited by
each pulse be much greater than the diffusion length
during the entire experiment, By /g > /Dyt.

When the small-displacement condition is met, the
magnetization in the coherence pathway q at a given
point x will be weighted by the local value of the rota-
tion matrix elements near x. We can then write

m‘I(X’ t) = ( AIJk~(1/<1> ﬁlq(X, t)’ (4)

where 7, is the solution of Eq. (3) for all times, and not
just between the pulses. All the matrix elements are
evaluated at the same w and depend on position via
® = —yB(x) — wgrr. We will refer to the product of the
matrix elements [[}_, A, , as the spectrum of the
pathway q. We take the initial magnetization to be
uniform in space and set i4(0) = 1.

We note in passing that, if 7}-relaxation effects are
significant, a fraction of the magnetization will relax
between the pulses into the longitudinal direction and

will form additional coherence pathway “trees” starting
at each pulse in the sequence. For the purposes of this
paper, we will ignore this extra complication. It can be
easily incorporated into the general formalism by first
summing over all the coherence pathways in the given
tree, as in Eq. (4) for the initial pulse, and then adding
up magnetizations from each tree. We explain the pro-
cedure in detail in [20]. As discussed in [16], for the
CPMG pulse sequence, for example, the effects of this
extra T; relaxation can be eliminated by the use of ap-
propriate phase cycling.

A solution of Eq. (3) with appropriate boundary con-
ditions, mq contains a// the diffusional attenuation infor-
mation for the given coherence pathway. Since the Ay, 4, ,
are known functions of w, the knowledge of the relevant
mgq’s and the magnetic field maps for the sample gives, via
Egs. (2) and (4), the magnetization at all times.

2.2. Solution of the generalized Torrey—Bloch equation
Eq. (3)

Our approach to solving Eq. (3) will be to assume
that the distribution of phases of all the spins in a
pathway q arriving at x at time 7, Py,(¢), is Gaussian.
We note that this is a modification of the usual Gaussian
phase approximation (GPA) where one takes the dis-
tribution of the phases of all the spins to be Gaussian
(see, for instance, [11,20] and references therein).

In this approximation, g can be expressed in terms
of the first two moments of Py ,(¢)

g (X, 1) = exp{ —i(p(x, 1)), — (¢ (X,t)>q2— (p(x,0); }7

where

t

G0, =7 [ dngw) [ aX Glxxe - n)BK. 1),
@0, =2 [ ’ / " diadty g(1)q(t2)

% /dX’dX” G(X,X”,t _ tz)B(XN, tz)

% G(X", X', 1 — 1)B(X, ). (6)

The integrations extend over the total volume acces-
sible to diffusing spins, and G(x,x,¢) is the diffusion
propagator satisfying 0,G = DyV>G within the pore
space and Dofi - VG + pG = 0 at the interface, with the
initial condition G(x,x’,0) = d(x’ — x). As noted above,
we will consider only reflecting boundaries and thus set
p = 0. The particular coherence pathway is encoded in
Eq. (6) via the ¢(¢) factors.

Assuming uniform pick-up coils, the total contribu-
tion of a particular pathway to the signal measured at
time ¢, will be given by
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My(t) = /dxmq(x,t)
:/dx<ﬁAqk~%1>mq(X7t)7 (7)

and the magnetization will be the sum over all the
contributing pathways

M(1)

— =% M. 8

3(0) Z (1) (8)
The leading-order short-time behavior of ($(x,1)),

and ($*(x, t))q is easily computed from Eq. (6), gener-

alizing the result in [21] to an arbitrary coherence

pathway

D)y =7 / dr g(¢)B(x,?),

<¢2(X7 t)>q - <¢(Xa t)>(21
2

D, /0 ar ( /0 t, dt”q(t”)VB(x,t”)) . )

This formula is valid at all x separated by at least the
diffusion length Lp = /Dot from any confining walls,
and such that, near x, the field is well-approximated by
its gradient, i.e., if [x — X'| < Lp then B(X',¢) ~ B(x,t)+
VB(x,t) - (x' —x). In fact, asymptotically for short
times, Eq. (9) becomes the exact solution of Eq. (3),
since the GPA is exact in that limit.

3. Application to a uniform gradient

Now we specialize to the case of a uniform-gradient
field, B(x,t) = g(¢) - x, which is of particular interest in
many applications.

3.1. Unbounded space

For a uniform gradient in unrestricted geometry, the
formulas in Eq. (9) become exact for a// times, giving

my(X, 1) = exp{ —ikq(?) - x — Dy /Otdt’ki(t’)}, (10)

where

0= 'l q(g(t), ()

is reminiscent of the k vector from imaging applications,
but with the effective gradient ¢(¢)g(¢) in place of
g(?). Egs. (10) and (11) generalize to arbitrary coherence
pathways the free-diffusion results of Cotts et al.
[22].

If a pathway refocuses after N pulses at some time 44,
then using Eq. (7), with ¢ > #y, we can write

Afree /dw yg (HAqk 9k~ 1) . ,q)’ (12)

where g =|g(¢)] and we defined the free-diffusion
attenuation factor

t
Af;ee(t) :exp{—Do/0 dt’ké(t/)}. (13)

The reason why the attenuation factor Aflree(t) and the
phase exp(iw?) could be factored is that, for a uniform
gradient in unbounded space, (¢*(x, g~ ((,b(x,t))i is
independent of x. This will not be the case for arbitrary
field profiles or in restricted geometries since then each
frequency will be weighted with a different diffusion
factor. One could at this point compute (¢*(x, 1)) and
(¢(x,1)), from Eq. (6) for simple closed geometries and
then study the effects of restriction on individual path-
ways, Eq. (7), as well as the total magnetization, Eq. (8).
However, we will be interested in the application to a
homogeneous porous medium, where a simplification
similar to that in unbounded space will take place due to
the averaging over an ensemble of many pores.

3.2. Restricted geometry: homogeneous porous medium

We now consider the case of a uniform gradient g(¢)
applied across a macroscopically homogeneous medium.
By “homogeneous’” we mean that for the purposes of
diffusion the spins in any given two-dimensional slice
of the medium feel, on average, the same amount of
structural confinement. More precisely, for an arbitrary
choice of coordinates, we assume that the probability
that a spin starting at some location in the yz plane at
x = x; will diffuse in time ¢ to some location in the yz
plane at x = x,, when averaged over all the initial and
final positions, depends only on the separation |x; — x;]
and not on the absolute values of x; and x,. Note that
this is possible even if locally the system is not spatially
invariant.

In a homogeneous medium defined in this wayi, it fol-
lows that, upon averaging over the plane transverse to the
gradient direction, (¢(x,1)), — Kkq(?) - X, acquires the
form identical to the unbounded-space result. Impor-
tantly, a similar average of (¢*(x, 7)) q — (D(x, t)) will be
independent of the position along the gradient, g - x. The
diffusional attenuation of a particular coherence path-
way, then, will be the same for all the frequencies, and
thus the same as for the purely on-resonance problem.
The structure of Eq. (12) will remain the same

My(1) = 4 ()/dw 78) (H/lqm 1> e, (14)

but with the free-diffusion attenuation factor Aflm(t)
replaced by the general
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Table 1
Normalized short-time diffusion attenuation exponents 7, defined in Eq. (19), for all the coherence pathways contributing to the first three CPMG
echoes
Echo Coherence pathway " Exact o4 Numeric og
N=1 {=+} 1 ez (2v2 - 1) 0.314
N=2 {(+—+} 1 ot n(33+8\/—727\/§) 0.211
{0+ 2 ;‘"(63+4ﬁ—27\/§) 0.471
N=3 (—+—+) 1 527 (127 — 16v2 4 27V3 — —125V/5 + 54/6) 0.224
H=0+},{+0—+} 3 5,;‘(}/-(375\/_—216\@——259—8\@) 0.336
{-00+} 1 733{(108\/5+637 125/5) 0.590
{——++} 9 1Usf(Z\@— V3 0.545

112 is the unbounded-space value and o4 gives the S/¥ correction. + and — are a shorthand for +1 and -1, respectively, and we omitted the initial

magnetization label, gy = 0, which is the same for all the pathways.

) — o { G <r>>q2— (1)) } 0s)
Here
(G, =V / dx ($(x, 1))y,
(16)

@0, =" [ axg*xny,

with V' denoting the volume of the pore space. We define
the total spectrum of an echo by », 44(?) (I, Agege )
where the sum extends over all the contributing coher-
ence pathways.

In the remainder of the paper, we will be interested in
computing mq at the echo time #,, where the phase
(¢(tq))q vanishes. Thus the echo-time attenuation factor
will be determined entirely by <¢2(tq)> The on-reso-
nance case was already treated in the earlier paper [20].
Results obtained there, in light of the discussion pre-
ceding Eq. (14), will directly apply to the present prob-
lem of off-resonance conditions in a porous medium.

4. Application to CPMG in a homogeneous porous
medium

We now specialize to the CPMG experiment, per-
formed in a porous medium with a constant gradient g
applied across the sample. In the presence of off-reso-
nance conditions, it is preferable to adjust the timing
between the initial 90° pulse and the first 180° pulse to
optimize the signal-to-noise characteristics [23]. Thus we
apply the initial 90° pulse around the x-axis at 1| = o7,
followed by a stream of 180° pulses around the y-axis at
t, =1, t3 = 31, t4 = 51, etc. For simplicity, we will as-
sume that #; < t and thus set it to zero for the purposes
of computing the diffusional attenuation. The main

" In fact, as long as the diffusional attenuation during 7} can be
neglected, one can set 44(7) ~ A4q(ty) everywhere in Eq. (14).

effect of the adjustment relevant here, therefore, will be
the multiplication of the spectrum of each coherence
pathway ngl Agq., by an extra factor of exp(—iqiw/
o1). In the remainder of this section, we will consider
both the short and long-time regimes and examine the
effects of restriction on the total magnetization.

4.1. Short-time regime

The short-time regime will obtain when the diffusion
length during t, Lp = +/Dot, is much shorter than the
structural length scales in the medium as well as
the dephasing length Lg = (Dy/ yg)l/ 319,11,24,25]. The
free-diffusion attenuation exponent will then acquire a
pathway-dependent surface-to-volume (S/V) correc-
tion.

Explicit short-time formulas for <¢2(t)>q for an ar-
bitrary coherence pathway at echo-formation time ¢ = #,
were derived in [20]. We quote them in Appendix C for
easy reference. As is clear from Eq. (C.4), one can al-
ways factor out of the total exponent the dimensionless
combination Dy)2g%t> = (Lp/Lg)°. We then follow [16]
in introducing for each pathway q the diffusion attenu-
ation exponent 7y, normalized to be 1 for the N'th direct
echo

(Lc,)é""

At echo time ¢ =ty the average phase (¢(?)), van-
ishes, and the attenuation factor in Eq. (15) becomes

)4

To bring out the effects of restriction, we further
write

nq=n2[1—

where ;12 is the unbounded-space attenuation exponent
computed in [16] and o, determines the amount of the
S/V correction. Using the formulas from Appendix C,

(¢*)
2

2N
3

q

(17)

2N

Aq(tq) —eXp{ -3 (18)

LoS

% (19)
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we calculated 11?l and a4 for the pathways contributing to
the first three CPMG echoes and list them in Table 1.

In unbounded space, for a given N, the direct echo
pathway is characterized by the smallest 7, and will
therefore dominate at longer times. The S/V correc-
tions, however, are larger for the other coherence
pathways, thus slowing their decay more than that of the
direct echo. This trend will lead in the long-time regime
to a much faster decay of the direct echo than of the
pathways with some 0-component (longitudinal) seg-
ments. The total spectrum of the echo in the short-time
regime will deviate from its unbounded-space form in
Eq. (12) according to Egs. (14) and (15), but we only
show the much more dramatic effect visible in the long-
time regime (see Fig. 1).

4.2. Long-time regime

The long-time regime sets in when Lp is the longest
length in the system, longer than the structural lengths

‘ Unbounded Long—time I

| I IR R | I IS I
-4 -2 0 2 4 -4 -2 0 2 4
o/ o,

Fig. 1. The spectra of all the coherence pathways contributing to the
third CPMG echo (rows 2-5) weighted with the appropriate diffusion
attenuation factor, plotted as a function of the normalized offset fre-
quency @/w;. The solid line represents the y channel and the dashed
line the x channel. The left column shows the unbounded-space results
for the diffusion length Lp = 0.3Lg and the right column shows the
long-time regime in a one-dimensional pore of size Ls = Lg and with
Lp = 8.2Lg. The total spectra, top row, for both cases look completely
different due to the altered diffusional weighting of different pathways.

as well as the dephasing length Lg. Asymptotic formulas
for the diffusional attenuation of an arbitrary coherence
pathway in this regime were derived in [20] and we quote
them in Appendix C. We note that the long-time for-
mulas given there are valid for an isolated pore, while
the validity of Egs. (14) and (15) requires averaging over
a homogeneous medium. In order to observe the effects
described in this Section, then, one needs a system of
weakly coupled pores dispersed along the whole range
of off-resonance frequencies. An appropriate system
would be a suspension of oil droplets, or a simple one-
dimensional geometry of stacked parallel plates sepa-
rated from each other with layers of diffusing fluid, like
the sample used in [26].

For concreteness, in Fig. 1, we will consider the long-
time effects of restriction on the spectrum _, A4(?)
exp(—igiw/m) [1i-; Ageg, of the third CPMG echo.
In addition to the direct echo, {0,—1,+1,—1,+1}, there
will be four other contributing pathways:
{0,+1,-1,0,+1}, {0,+1,0,-1,+1}, {0,-1,0,0,+1}, and
{0,-1,-1,+1,+1}. Two of them, {0,+1,—1,0,+1} and
{0,+1,0,—-1,+1}, have identical spectra and identical
sensitivity to diffusion in all the regimes, so we only plot
one of them, remembering that it must be double-
counted when computing the complete spectrum. The
echo will form at ¢, = 67, and that is where we evaluate
Aq(2).

The first column in the figure contains the results for
unrestricted diffusion previously presented in [16]. Here
we have used (Lp/Lg)® = 6.6 x 1075, small enough so
that all the pathways would be visible on the same scale.
Each row contains the spectrum []}_, Agiqi, of the
particular coherence pathway q, weighted by the corre-
sponding attenuation factor normalized by the attenu-
ation of the direct echo, 4q/Acpmc. The top panel shows
the total spectrum. In the second column we plot the
long-time regime in a one-dimensional pore of size
Ls = Lg and with the diffusion length Lp = 8.2Lg (see
Eq. (C.6)). The spectrum of each coherence pathway is
fixed by the RF pulses and does not change with pulse
spacings or diffusion. But the diffusional weight of each
pathway relative to the direct echo is much different in
the long-time regime, resulting in a dramatically altered
total echo spectrum. The direct echo, contributing
mostly to the on-resonance signal, has all but decayed
away, while the dominant contribution comes from
{0,—1,0,0,+1}. In general, for higher echoes, it will be
the pathways with the greatest number of 0-component
(longitudinal) segments that will set the attenuation
characteristics, while the on-resonance contribution of
the direct echo will be negligible. Incidentally,
{0,—1,0,0,+1} is nothing but the stimulated echo co-
herence pathway, with the prepare and read periods of
duration 7 and the store period of duration 4 = 47. We
discuss its sensitivity to restricted motion for the on-
resonance case in [20] in some detail.
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Two further points are worth emphasizing. First,
unlike in the familiar k-space imaging, the shape of the
spectrum in Fig. 1 does not directly reflect any struc-
tural features of the confining space, i.e., it does not
correspond to spin density in a given slice of the
sample, which is uniform by the homogeneous medium
assumption. Rather, it is determined by the interac-
tions of spins at a particular Larmor frequency with
the applied RF fields. And second, the fact that the
peaks of the spectrum occur near w/w; ~ +1 is due
entirely to the particular train of RF pulses chosen,
which endows the stimulated echo pathway, dominant
in the long-time regime, with its spectral signature. For
the usual stimulated echo sequence of three consecu-
tive 90° pulses, the pathway {0,—1,0,0,+1} would have
a peak near w/w; =0, and that is where the total
long-time echo spectrum would have most of its weight
as well.

5. Conclusion

We analyzed a macroscopically homogeneous po-
rous medium in a grossly inhomogeneous magnetic
field, where the excitation bandwidth of the RF pulses
is small relative to the spread in Larmor frequencies
throughout the sample. Under such conditions, each
pulse necessarily excites many coherence pathways,
with varying sensitivities to diffusion and hence to
geometrical restriction. The resulting spectrum con-
tains a wealth of information about the relaxation
processes, and, depending on which pathways con-
tribute, may show a much enhanced diffusion sensi-
tivity as compared to the on-resonance behavior. The
study of restricted motion in such systems is compli-
cated by the fact that each pathway contributes dif-
ferently. We developed a formalism to compute the
evolution of an arbitrary coherence pathway for the
case when the average field inhomogeneity experienced
by a diffusing spin is small compared to the RF
magnitude. This condition allows the separation of the
effects of the pulses from diffusional attenuation. For
short times, we found that restriction introduces a
pathway-dependent correction to the unbounded re-
sult, proportional to the pore surface-to-volume ratio.
In the long-time regime, the effects of restriction may
be very pronounced, strongly changing the spectrum
and the shape of a given echo. We applied our for-
malism to the CPMG in a grossly inhomogeneous
field and showed explicitly how the inclusion of the
additional coherence pathways excited by the weak
RF affects the response of the system to geometrical
restriction. This paper can be viewed as an extension
to off-resonance pulses and restricted geometries of the
work of Kaiser et al. [19] who considered a uniform-
gradient field in unbounded space.
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Appendix A. RF pulse rotation matrix

In this appendix we repeat after [16] the expressions
for the RF pulse matrix elements for an arbitrary fre-
quency offset w(x) = —yB(x) — wrr and RF field

strength w; = 7By. Q = \/w} 4+ w? is the total nutation
frequency, ¢, is the duration of the pulse and ¢ its phase
as defined in Section 2.

Ay 41 :;{C;;)z + [1 + (g)z} cos(Qtp)}
+ 1(3) sin(Q,), (A.1)
A1 _%{(%)2 + [1 + (—)2} cos(Qtp)}
- l(g) sin(Qt,), (A.2)
Aoy = (2) 4 (L) costen,). (A3)
AHOf& D1~ cos(Qt,)] — isin(Qr et (A4
o =g {51~ cos(@n)] —isin(@s), fe ™ (A4)
Ay = % { g [1 = cos(@t,)] + isin(Qs,), }e,i(p, (A.5)
A1 = % % {g [1— cos(Q1,)] —isin(Q1,), }e*i‘”,
(A.6)
A1 = % % {g [1— cos(Q1,)] + isin(Qtp)}e“‘”,
(A7)
Ajr-1 = % (%)2 [1— cos(Qt,)]e™, (A.8)
A= % (%)2 [1— cos(Qt,)]e 2. (A.9)

Appendix B. Separation of the effects of diffusion and
off-resonance RF pulses

In this appendix we show the validity of Eq. (4) for
the case of “small displacements” i.e., when the field
inhomogeneity sampled by a diffusing spin is much
smaller than the RF field strength. When Eq. (4) holds,
the dynamics of a given coherence pathway are com-
pletely described by Eq. (3) during the entire pulse
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sequence, with the effect of all the pulses well captured
by applying them all together at the very end.

We examine the magnetization mg of an individual
coherence pathway, with the first pulse applied at ¢, = 0.
Between the pulses, it evolves according to Eq. (3).
Suppose that immediately after the application of the
kth pulse it is equal to mq(#;). Then for t € (t, t11),
mg(t) = U}, mg(t;) where UY, is the pathway-dependent
evolution operator formally given by exp{(z—#)
DyV? —i fti dtyq(¢)B}. Here again we suppress bulk re-
laxation.

Then formally, mq after N pulses is given by

mfl(t) = U;l,tNAliNylquUgV,tN,lAqulqufz : Uzz H Ay, gom (0)7
(B.1)

where the 4, ;, , operator denotes multiplication by the
corresponding pulse-rotation matrix element, and m(0)
is the initial magnetization in the z direction. We note
now that for a given phase and on-resonance tip angle of
the pulse, the A4,, depend on the local Larmor fre-
quency offset w(x) only through the ratio & = w/w;.
When computing m,(¢) at X, we can expand around
@ Agg (@) = Agy (@) + (& — @) A, (@) +---. Using
the fact that U, U = U} and collecting the terms,

we get, respectively, for the zeroth and first-order terms

in oyl

ml(lo) (1) = (

W0 = 3 MA@, (@101 — @)U m(0),  (B3)

k=1

A‘]k:‘]k—l ((b)> U?O m(O)

—- T

gy (65)> g (1), (B.2)

=~
Il

where we defined oy, = @ and

A
Ak(d)) Aﬁu k- 1 Cb (HAq/ i1 ) (B.4)

Dk 9k— 1

Typically, U, (Drs1 — @)UR ~ Awg/w;  where
Aop = (g [ de[B(xi(1)) — B(Xl(0)>]2>i is the en-
semble average over the trajectories x;(¢) of all the spins.
It is a measure of the average amount of field inhomo-
geneity experienced by a diffusing spin during the inter-
pulse spacing t;. Then we have

<1N_[Aqwm )’%(04—@(&). (B.5)

k=1 W1

For a constant gradient field, for example,
Aw? ~ y2g* 12 (t;) where L2 (1) = ([x(14) — x(0)]%). For
the CPMG in the constant gradient, then, the condition
of validity of Eq. (4) is that NLp(t) be much less than the
thickness of the excited slice w;/yg.

Appendix C. Short and long-time on-resonance attenua-
tion of an arbitrary coherence pathway in a uniform
gradient

The following are the expressions for (¢* (tq))q at
echo time ¢, =Y} 7 for an arbitrary coherence
pathway in a uniform gradient g obtained in [20]. The
setup and notation are the same as introduced in Section
2. In the GPA, (¢* (tq))q determines the diffusional at-

tenuation factor for a given pathway via Eq (15).

Z 9 q1Ku = Z qukk +2y Z 991K,

1
(C.1)

where

K =211, (0, 7)) — 25,(0, 1), (C.2)

and for k # [,

K =Lt — tigr, tir — tisr) — [t — b
X Li(t = tegr, i — teer) + Tl (Grn — teens = b)

+ [t =t (=t i — 1) — Lt — te, i — t)-
(C.3)
For short times, we have
[ 16
L. )= —=D N tuz_t/z_
l( ) ) 0) & 2 | 45ﬁ
S
x (£"\/Dyt" — */Dyt") <V)]’
L") =—D yzgzl -t"3 i 8
2\t 0 3 I 21\/E
(¢ \/Dot" — £*/Dyt') (gﬂ ’
(C.4)

where S/V is the surface-to-volume ratio of the pore
space. The computation of (¢2(tq)>q becomes a simple
mechanical matter of evaluating the explicit formulas
for I,(#,¢") and L(#,¢") in Eq. (C.4) at the elements of
the pulse time partition defined in Section 2 according to
K;; and Ky, in Egs. (C.3) and (C.2), and summing them
up for the particular coherence pathway in Eq. (C.1).
For example, for the Hahn Echo coherence pathway
q={0,—1,+1}, we would have —1/2(¢*)y = 21/,
(t,27) — 2¢01(0,7)+ 35(0,7) — I(z,21), with [, and I,
given in Eq. (C.4). As noted in the text, for the purposes
of computing diffusional attenuation, we are neglecting
the corrective shift of the first echo, assuming © > w;’,
where w; = yB; measures the strength of the RF
field.

In the long-time regime in a closed geometry, for an
arbitrary field B(x), Eq. (C.1) simplifies to

<¢ (t W e, qukfk] Z _n (C,S)

n>0 An
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where b, = V2 [B(x)¢,(x) is the expansion coeffi-
cient of the magnetic field in the eigenbasis {¢,} of the
Laplacian operator —DyV? with reflecting boundary
conditions. For the CPMG, t; = 7y = 1, and 1, = 27 for
k=2,...,N — 1. Thus the first sum in Eq. (C.5) can be
written as SN | ¢t = 2t(1 + Y0 ¢2) and trivially
computed for any coherence pathway. For the Nth di-
rect CPMG echo, for example, Eq. (C.5) immediately
gives 2N1)* Y~ b2 /2, in agreement with [11]. In a one-
dimensional box of size Ls, the sum over eigenmodes can
be written in terms of integrals of B(x), giving

@:V;_Zz 1+]:Z_21q13 (/OXB(X/)(']X/)2

2.5274 N-1 2714 N-1
y tg-L Z Lo L Z
k=2

(C.6)

In the second line we evaluated the average for the
case of the uniform gradient, and in the third, we cast
the formula in terms of the lengths defined in Section
4.1, Lp = /Dot and Lg = (Do /yg)">.
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